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Abstract
The Hawking radiation spectrum of Kerr-Sen axion-dilaton black holes is derived, in the
context of dark spinors tunnelling across the horizon. Since a black hole has a well defined
temperature, it should radiate in principle all the standard model particles, similar to a
black body at that temperature. We investigate the tunnelling of mass dimension one spin-
1/2 dark fermions, that are beyond the standard model and are prime candidates to the dark
matter. Their interactions with the standard model matter and gauge fields are suppressed
by at least one power of unification scale, being restricted just to the Higgs field and to the
graviton likewise. The tunnelling method for the emission and absorption of mass dimension
one particles across the event horizon of Kerr-Sen axion-dilaton black holes is shown here to
provide further evidence for the universality of black hole radiation, further encompassing
particles beyond the standard model.
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2I. INTRODUCTION
Black hole tunnelling procedures have been placed as prominent methods to calculate the tem-
perature of black holes [1–9]. Tunnelling methods provide models for describing the black hole
radiation. Various types of black holes have been investigated in the context of tunnelling of fermi-
ons and bosons as well [1, 2, 9, 10]. Complementarily to the first results that studied the tunnelling
of particles across black holes [1, 2], the Hamilton-Jacobi method was employed [3] and further
generalized, by applying the WKB approximation to the Dirac equation [10]. Tunnelling procedu-
res are quite used to investigate black holes radiation, by taking into account classically forbidden
paths that particles go through, from the inside to the outside of black holes. Moreover, quantum
WKB approaches were employed to calculate corrections to the Bekenstein-Hawking entropy for
the Schwarzschild black hole [11].
The tunnelling method was employed to provide Hawking radiation due to dark spinors for black
strings [12]. Moreover, this method was also employed to model the emission of spin-1/2 fermions,
and the Hawking radiation was deeply analyzed as the tunnelling of Dirac particles throughout
an event horizon, where quantum corrections in the single particle action are proportional to the
usual semiclassical contribution. In addition, the modifications to the Hawking temperature and
Bekenstein-Hawking entropy were derived for the Schwarzschild black hole. When spin-1/2 fermions
are taken into account, the effect of the spin of each type of fermion cancels out, due to particles
with the spin in any direction. Hence, the lowest WKB order implies that the black hole intrinsic
angular momentum remains constant in tunnelling processes. Hawking radiation emulates semi-
classical quantum tunnelling methods, wherein the Hamilton-Jacobi method is comprehensively
used [3]. Mass dimension 3/2 fermions tunnelling have been studied in the charged dilatonic black
hole, the rotating Einstein-Maxwell-Dilaton-Axion black hole and the rotating Kaluza-Klein black
hole likewise [13]. For a review see Ref. [9].
Our approach here is to employ an exact classical solution in the low energy effective field
theory describing heterotic string theory: the Kerr-Sen axion-dilaton black holes [14]. They pre-
sent charge, magnetic dipole moment, and angular momentum, involving the antisymmetric tensor
field coupled to the Chern-Simons 3-form. A myriad of black holes has been considered for tunnel-
ling methods of fermions and bosons, as rotating and accelerating black holes, topological, BTZ,
Reissner-Nordstro¨m, Kerr-Newman, and Taub-NUT-AdS black holes, including also the tunnelling
of higher spin fermions as well [15].
We shall study similar methods for spin-1/2 fermions of mass dimension one, different of the
3procedure for standard mass dimension 3/2 fermions. Elko dark spinors, namely the dual-helicity
eigenspinors of the charge conjugation operator [16, 17], are spin-1/2 fermions of mass dimension
one, with novel features that make them capable to incorporate both the Very Special Relativity
(VSR) paradigm and the dark matter description as well [17, 18]. Such spinors seem to be indeed
a tip of the iceberg for a comprehensive class of non-standard (singular) spinors [19, 20]. Moreover,
a mass generation mechanism has been introduced in [21] for such dark particles, by a natural
coupling to the kink solution in field theory. It provides exotic couplings among scalar field topo-
logical solutions and Elko dark spinors [21, 22]. Due to its very small coupling with the standard
model fields, except the Higgs field, dark spinors supply natural self-interacting dark matter prime
candidates. Except for scalar fields and gravity, Elko dark spinors interactions with the standard
model matter and gauge fields is suppressed by at least one power of unification/Planck scale [17].
In fact, the Lagrangian of such a field contains a quartic self interaction term and the interac-
tion term of the new field with spin-zero bosonic fields. Moreover, Elko framework is shown to
be invariant under the action of the HOM(2) VSR group and covariant under SIM(2) VSR group
[23]. Elko dark spinor fields is a representative of mass dimension one spin-1/2 fermions in the
type-5 spinor field class in Lounesto’s spinors classification, however is not the most general, since
Majorana spinors are also encompassed by such class [22]. Some attempts to detect Elko at the
LHC have been proposed, and important applications to cosmology have been widely investigated
as well [12, 17, 18, 25–27].
This article is presented as follows: the Kerr-Sen axion-dilaton black hole is briefly revisited
in the next section, together with the dark spinors framework. We thus shall calculate in Section
III the probabilities of emission and absorption of Elko dark particles across these black holes.
Therefore the WKB approximation is used to compute the tunnelling rate and thus the resulting
tunnelling probability. Finally the associated Hawking temperature shall be obtained, corroborating
the universal character of the Hawking effect and further extending it to particles beyond the
standard model.
II. KERR-SEN AXION-DILATON BLACK HOLES AND DARK SPINORS
String theory has solutions describing extra-dimensional extended objects surrounded by event
horizons, presenting a causal structure associated to singularities in string theory. The low energy
effective action of the heterotic string theory is ruled by an action that, up to higher derivative
terms and other fields which are set to zero for the particular class of backgrounds considered [14],
4is given by
S = −
∫
d4x
√
− detGe−Φ
(
−R+ 1
12
HµνρH
µνρ −Gµν∂µΦ∂νΦ+ 1
8
FµνF
µν
)
(1)
where Gµν is the metric regarding a σ-model [14], related to the Einstein metric by e
−ΦGµν ,
Φ denotes the dilaton field, R stands for the scalar curvature, Fµν = ∂[µAν] is the Maxwell field
strength, andHµνρ = ∂µBνρ+∂ρBµν+∂νBρµ−Ωµνρ, for the Chern-Simons 3-form Ωµνρ− 14A(µFνρ).
The above action can be led to the one in [28], up to the HµνρH
µνρ term, after field redefinition.
The Kerr-Sen dilaton-axion black hole metric is a solution of the field equations derived from
(1). In Boyer-Lindquist coordinates it reads:
ds2 =− ∆− a
2 sin2 θ
Σ
dt2 +
Σ
∆
dr2 +Σdθ2 +
sin2 θ
Σ
[(
r2 − 2βr − a2)2 −∆a2 sin2 θ] dϕ2+
− 2a sin
2 θ
Σ
[(
r2 − 2βr − a2)2 −∆] dtdϕ (2)
where
Σ = r2 − 2βr + a2 cos2 θ, ∆ = r2 − 2ηr + a2 = (r − r+)(r − r−) β = η sinh2α
2
(3)
and r+[r−] are the coordinate outer [inner] singularities.
The metric (2) describes a black hole solution with charge Q, mass M , magnetic dipole moment
µ, and angular momentum J , given by
Q =
η√
2
sinhα, M =
η
2
(1 + coshα), µ =
1√
2
ηa sinhα , J =
ηa
2
(1 + coshα) . (4)
The associated g-factor can be expressed as g = 2µMQJ = 2 [28]. The parameters can be expressed
in terms of genuinely physical quantities as
η =M − Q
2
2M
, α = arcsinh
(
2
√
2QM
2M2 −Q2
)
, a =
J
M
The coordinate singularities thus read r± =M− Q
2
2M ±
√
− J2
M2
+
(
M − Q22M
)2
which vanishes unless
|J | < M2 − Q22 . The area of the outer event horizon is given by
A = 8πM

M − Q2
2M
+
√
− J
2
M2
+
(
M − Q
2
2M
)2 .
Thus in the extremal limit, since |J | → M − Q22M , it reads A → 8π|J |. In this limit the horizon
is hence finite and the surface gravity κ, or equivalently, the Hawking temperature TH = κ/2π is
provided by [14]
κ =
√
−4J2 + (2M2 −Q2)2
2M(2M2 −Q2 +
√
−4J2 + (2M2 −Q2)2)
5Thus in the extremal limit we have the limit κ → 0 if J 6= 0. On the other hand, if J = 0 then
κ = 14M , in agreement with the results of refs. [28, 29]. For J 6= 0 this black hole solution has
aspects analogous to the extremal rotating black hole rather than extremal charged black holes
[28].
By performing the transformation φ = ϕ−Ωt, where Ω = a(a
2−2βr+a2−∆)
(r2−2βr+a2)2−∆a2 sin2 θ , the metric (2)
takes the form
ds2 =− ∆Σ
(r2−2βr−a2)2−∆a2 sin2 θdt
2+
Σ
∆
dr2+Σdθ2+
sin2 θ
Σ
[(
r2−2βr−a2)2−∆a2 sin2 θ]dφ2 .
(5)
To study the Hawking radiation at the event horizon, the metric is regarded near the horizon:
ds2 = −F (r+)dt2 + 1
G(r+)
dr2 +Σ(r+)dθ
2 +
H(r+)
Σ(r+)
dφ2 (6)
where
H(r+) = sin
2 θ
(
r2
+
− 2βr+ + a2
)2
, F (r+) =
2(r+ − η)(r − r+)Σ(r+)
(r2
+
− 2βr+ + a2)2
(7)
G(r+) =
2(r+ − η)(r − r+)
Σ(r+)
. (8)
In order to analyze the tunnelling of Elko dark particles across the Kerr-Sen black hole event
horizon, we will study the role that Elko dark particles play in this background. The essential
prominent Elko particles features are in short revisited [17]. Elko dark spinors λ(pµ) are eigenspinors
of the charge conjugation operator C, namely, Cλ(pµ) = ±λ(pµ). The plus [minus] sign regards
self-conjugate, [anti self-conjugate] spinors , denoted by λS(pµ) [λA(pµ)]. For rest spinors λ(kµ) the
boosted spinors read λ(pµ) = eiκ·ϕλ(kµ), where kµ = (m, limp→0 p/|p|), where eiκ·ϕ denotes the
boost operator. The φ(kµ) are defined to be eigenspinors of the helicity operator, as σ · pˆφ±(kµ) =
±φ±(kµ), where [17]
φ+(kµ) =
√
m

 cos ( θ2) e−iϕ/2
sin
(
θ
2
)
e+iϕ/2

 ≡

 α
β

 , (9)
φ−(kµ) =
√
m

 − sin (θ2) e−iϕ/2
cos
(
θ
2
)
e+iϕ/2

 =

 −β∗
α∗

 . (10)
Elko dark spinors λ(kµ) are constructed as
λS±(k
µ) =

 σ2 (φ±(kµ))∗
φ±(kµ)

 , λA±(kµ) = ±

 −σ2 (φ∓(kµ))∗
φ∓(kµ)

 , (11)
6and have dual helicity, as −iσ2(φ±)∗ has helicity dual to that of φ±. The boosted terms
λA±(p
µ) =
√
E +m
2m
(
1± p
µ
E +m
)
λA± , λ
S
±(p
µ) =
√
E +m
2m
(
1∓ p
µ
E +m
)
λS± (12)
are the expansion coefficients of a mass dimension one quantum field. The Dirac operator does not
annihilate the λ(pµ), but instead the equations of motion read [16, 17]:
γµ∇µλS± = ±i
m
ℏ
λS∓ (13)
γµ∇µλA∓ = ±i
m
ℏ
λA± (14)
Dark spinors nevertheless satisfy the Klein-Gordon equation.
A mass dimension one quantum field can be thus constructed as [16]
f(x) =
∫
d3p
(2π)3
1√
2mE(p)
∑
ρ
[
b†ρ(p)λ
A(p)eipµx
µ
+ aρ(p)λ
S(p)e−ipµx
µ
]
. (15)
The creation and annihilation operators aρ(p), a
†
ρ(p) satisfy the Fermi statistics [16], with similar
anticommutators for bρ(p) and b
†
ρ(p). The mass dimensionality of f(x) can be realized from the
adjoint
¬
f(x)=
∫
d3p
(2π)3
1√
2mE(p)
∑
ρ
[
bρ(p)
¬
λA(p)e−ipµx
µ
+ a†ρ(p)
¬
λS(p)eipµx
µ
]
(16)
where, by denoting hereupon σµ the Pauli matrices,
¬
λρ(p
µ) =
[
Ξλρ(p
µ)
]†
σ1 ⊗ I2, and Ξ =
1
2m
(
λS−(p
µ)λ¯S−(p
µ) − λA−(pµ)λ¯A−(pµ) + λS+(pµ)λ¯S+(pµ) − λA+(pµ)λ¯A+(pµ)
)
is an involution [16], for
the Dirac dual λ¯(pµ)=λ(pµ)†γ0. The mass dimension of the new field is determined by the SIM(2)
covariant propagator [16]
S(x− x′) = i
〈 ∣∣∣T(f(x) ¬f(x′))∣∣∣ 〉 = − lim
ǫ→0+
∫
d4p
(2π)4
e−ip
µ(x′µ−xµ)
(
I+ G(ϕ)
pµpµ −m2 + iǫ
)
(17)
where T is the canonical time-ordering operator and
G(ϕ)=

 0 −ie−iϕ
ieiϕ 0

⊗ σ1 (18)
that respects symmetries of the theory of VSR [16, 23].
III. HAWKING RADIATION FROM TUNNELLING DARK SPINORS
Hawking radiation from general black holes encompasses distinguished charged and uncharged
particles. Tunnelling methods can be employed for Elko dark particles across the horizon of Kerr-
Sen black holes. From (5) the associated tetrad can be chosen in order to the following generators
7can be achieved:
γt =
1√
F (r+)

 0 I2
I2 0

 , γθ = 1√
Σ(r+)

 0 σ2
−σ2 0

 , (19)
γr =
√
G(r+)

 0 σ1
−σ1 0

 , γz =
√
Σ(r+)
H(r+)

 0 σ3
−σ3 0

 . (20)
Elko dark spinors can be written as
λS+ =


−iβ∗
iα∗
α
β


exp
(
i
~
I˜
)
, λS− =


−iα
−iβ
−β∗
α∗


exp
(
i
~
I˜
)
, (21)
λA+ =


iα
iβ
−β∗
α∗


exp
(
i
~
I˜
)
, λA− =


−iβ∗
iα∗
−α
−β


exp
(
i
~
I˜
)
, (22)
where I˜ = I˜(t, r, θ, z) represents the classical action. We use the above forms for dark particles in
each one of the Eqs. (13-14), and then solve this coupled system of equations. By denoting
∇µ = ∂µ + 1
8
iΓαβµ
[
γα, γβ
]
,
where γσ are the usual Clifford bundle generators for the Minkowski spacetime. By identifying
λ [˚λ] to the Elko spinor on the left [right] hand side of Eqs. (13) and (14), then Eq. (13) reads
γµ(∇µ + eAµ)λ = imℏ λ˚. Using the WKB approximation, where I˜ = I +O(ℏ), it yields
(Iµ + eAµ)γ
µλ = imλ˚+O(ℏ) , (23)
where Iµ ≡ ∂I∂xµ . Taking merely the leading order terms in the above equation, from a general
form λ = (a, b, c, d)⊺, λ˚ = (˚a, b˚, c˚, d˚)⊺ , we have general Elko dynamic equations governed by (23)
The ansatz I(t, r, θ, ϕ) = −(ω − jΩ)t + jϕ + W (r) + Θ(θ) can be used, where ω and j denote
the energy and magnetic quantum number of the particle respectively. Moreover, the parameters
a, b, c, d are not independent. In fact, Eqs. (21) and (22) assert that for the self-conjugate spinors
λS we have a = −id∗ and b = ic∗, whereas for the anti-self-conjugate spinors λA it reads a = id∗
and b = −ic∗. Thus, by corresponding the λS [λA] spinors to the upper [lower] sign below, after
8awkward computation Eq.(23) yields
±
√
G(r+)W
′d∗ ∓ (ω − jΩH + eA+)√
F (r+)
c∗ = d˚m (24)
±
√
G(r+)W
′c∗ ∓ (ω − jΩH + eA+)√
F (r+)
d∗ = − c˚m . (25)
The angular function jϕ+Θ(θ) must be a complex function and the same solution for it is achieved
for both the incoming and outgoing cases as well. It implies that the contribution of such function
vanishes after dividing the outgoing probability by the incoming one. Hence the angular function
can be neglected hereupon.
The above system the equations for λS+ [λ
S
−] are shown to be equivalent to the ones for λ
A
−
[λA+]. Thus we have to deal solely with the self-conjugate λ
S± spinors. Moreover, there are more
underlying equivalences. In fact, Eq. (24) for λS± is equivalent to Eq. (25) for λS∓. Consequently
there is just a couple of equations for λS± given by:

√
G(r+)W
′α∗ − (ω−jΩH+eA+)√
F (r+)
β∗ = β∗m√
G(r+)W
′β + (ω−jΩH+eA+)√
F (r+)
α = αm
(26)


√
G(r+)W
′α∓ (ω−jΩH+eA+)√
F (r+)
β = ∓βm√
G(r+)W
′β∗ ∓ (ω−jΩH+eA+)√
F (r+)
α∗ = ±α∗m
(27)
Combining either Eqs. (26) or (27) implies equations for either λS+ or λ
S−, respectively. Hence,
for each λS there is a system of coupled equations for the dark spinor components α and β and
also another coupled system for α∗ and β∗, which are going to be solved separately. We denote now
the first equation of each one of the systems below to be the equations related to (α, β), whereas
the second ones regard (α∗, β∗). We can determine the above functions as:
λS+ :

 W1(r) = ±
∫ √m2F−(ω−jΩH+eA+)2
FG dr
W2(r) = ±
∫ √ (m√F+ω−jΩH+eA+)2
FG dr
(28)
λS− :

 W3(r) = ±
∫ √ (m√F−ω+jΩH+eA+)2
FG dr
W4(r) = iW2(r)
(29)
For massless particles the solutions for λS± are equivalent, being given by
W2(r) = ±
∫ √
(ω − jΩH + eA+)2
FG
dr = −iW1(r) . (30)
The above expression for W2(r) is similar to the results in [30] when m = 0. The solution for W2(r)
is provided by
W2(r) = ±iπ r
2
+
− 2βr+ + a2
2(r+ +m)
(ω − JΩH + eA+) . (31)
9Since F → 0 near the black hole horizon, the results hold both for massive and their massless limit
particles as well. It is worth to emphasize that it implies a real solution for W1(r), and thus a null
contribution for the tunnelling effect.
In compliance with the WKB approximation, the tunnelling rate reads Γ ∝ exp(−2 Im I), where
I denotes the classical action for the path. Hence the imaginary part of the action becomes a
prominent goal for the tunnelling process. The imaginary part of the action yields
Im I± = ±iπ r
2
+
− 2βr+ + a2
2(r+ +m)
(ω − JΩH + eA+) . (32)
Thus the resulting tunnelling probability is given by
Γ =
P(emission)
P(absorption)
=
e−2ImI+
e−2ImI−
= −2πr
2
+
− 2βr+ + a2
(r+ +m)
(ω − JΩH + eA+) . (33)
Finally the Hawking temperature of the Kerr-Sen dilaton-axion black hole is acquired:
TH =
1
2π
(r+ +m)
r2
+
− 2βr+ + a2 (34)
which is an universal formula also obtained by other methods for the Hawking temperature from
fermions tunnelling [30]. Obviously when the parameter a tends to zero, Eq.(34) provides the
well-known Hawking radiation associated to the static black hole.
IV. CONCLUDING REMARKS
We derived the Hawking radiation for spin-1/2 fermions of mass dimension one, represented
by dark spinors tunnelling across a Kerr-Sen dilaton-axion black hole horizon. The temperature
of these solutions were computed and demonstrated to confirm the universal character of the
Hawking effect, even for mass dimension one fermions of spin-1/2 that are beyond the standard
model. The mass dimension one feature of such spinor fields sharply suppresses the couplings to
other fields of the standard model. Indeed, by power counting arguments, Elko spinor fields can
perturbatively and renormalizably self-interact and further to a scalar (Higgs) field. This type of
interaction means an unsuppressed quartic self interaction. The quartic self interaction is essential
to dark matter observations [31, 32]. Therefore Elko spinor fields perform an adequate fermionic
dark matter candidate. It can represent a real model for dark matter tunnelling across black holes.
Corrections of higher order in ~ to the Hawking temperature (34) of type I = I0+
∑
n≥1 ~
nIn [11]
can be still implemented in the context of mass dimension one spin-1/2 fermions. Moreover, other
mass dimension one fermions [20] and higher spin mass dimension one fermions can be studied in
the context of black hole tunnelling methods, however these issues are beyond the scope of this
paper, that comprised dark particles tunnelling across Kerr-Sen dilaton-axion black holes.
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